Abstract-In cross-correlation based elastography, the quality of the strain image is degraded by the distortion of echo waveforms due to tissue axial and lateral displacement. To study the effects of tissue lateral displacement on echo decorrelation, a tissue axial stretching model is developed and a concept called correlation signal-to-noise ratio (CSNR) is introduced to quantify the decorrelation effect due to tissue lateral displacement. A computer simulation based on the tissue stretching model is carried out to study the influence of several important elastographic parameters on echo decorrelation due to tissue lateral displacement. Finally, guided by the CSNR concept, a 2-dimensional (D) spatial comprehensive cross-correlation method is proposed to reduce the decorrelation noise. Results indicate that CSNR can be used as a quality indicator of elastography and the 2-D spatial comprehensive cross-correlation method can effectively reduce the decorrelation noise while slightly decreasing the lateral resolution of the strain image.
the quasistatic compression produces a complex 3-D tissue motion that is determined by the distributed elastic property of the tissue as well as its boundary conditions. This 3-D movement of tissue scatterers also may contribute to the errors in strain estimation [7] , [12] [13] [14] [15] .
To study the errors in strain estimation due to the 3-D movement of the tissue, correlation coefficient has been used as a predictor [13] , [14] , and target confinement [14] and lateral adjacent echo interpolation methods [15] have been proposed to compensate for the effect of signal decorrelation due to tissue lateral displacement. However, the correlation coefficient is affected by both the axial and lateral tissue displacements.
In this paper, we use a tissue axial stretching method to separate the effects of axial strain and tissue lateral displacement on signal decorrelation, and introduce a new concept called correlation signal-to-noise ratio (CSNR) to quantify the decorrelation effect due to tissue lateral displacement in elastography. We then demonstrate that the tissue axial stretching model and CSNR can be used to study the effect of several important elastographic parameters on signal decorrelation, such as tracing segment length, lateral strain, width and location of ultrasound beam, and frequency and bandwidth of the ultrasound transducer. Guided by the CSNR concept, a 2-D spatial comprehensive cross-correlation method is proposed to reduce the decorrelation noise due to tissue lateral displacement.
II. Theory
In elastography, tissue axial displacement induced by an external quasistatic compression can be computed using the cross-correlation technique [1] :
where S(i) is the average strain of the ith and (i-1)th tracing echo segments, ∆t(i) and ∆t(i-1) are, respectively, the estimated time shifts of the i-th and (i-1)-th echo segments due to compression, and ∆T is the time interval between the ith and (i-1)th segments. The time shift ∆t(i) can be determined by locating the maximal peak of the crosscorrelation function R 12 (t):
where r 1 and r 2 are echoes corresponding to pre-and postcompression, T i is the length of i-th tracing echo segment. The alternative of (2) which also has been widely used in elastography is the correlation coefficient:
where x 1 , x 2 are digitized signals of r 1 and r 2 , L i is the sampling number in tracing segment T i . In this paper, the cross-correlation function defined in (2) is used.
A. 2-D Tissue Scattering Model and Axial Compression
To characterize signal correlation in elastography, a 2-D tissue scattering model described in Appendix A is used. The scatterers are uniformly distributed in a background of a homogeneous, isotropic, elastic tissue which is assumed to be compressed between two flat, stiff, frictionfree compressors. In one of the compressors, an array transducer is embedded, as shown in Fig. 1 . By assuming a plane strain state, the strain-stress relationship of tissue can be described by the following equations [16] :
where ε x , (ε y ) and σ x (σ y ) are normal strain and stress in the x-direction (y-direction), γ xy and τ xy are shear strain and stress, E is Young's modulus, and ν is the Poisson's ratio. If the elastic properties of the tissue are uniformly distributed and the two boundaries in the x-direction are unrestricted, as shown in Fig. 1 , we have σ x = 0. The relationship between lateral normal strain and axial normal strain becomes:
The negative sign in (5) indicates that, when tissue is compressed in the axial direction (y-axis), it bulges in the lateral direction (x-axis). Because the direction of axial and lateral strain is fixed in elastography experiment, we use ε x and ε y to represent the absolute value of the lateral and axial strains.
B. Tissue Axial Stretching After Compression
Fig . 2 illustrates the simplified process of tissue compression and stretching. Fig. 2(a) shows the tissue elements associated with the j-th ultrasound beam in Fig. 1 . The areas marked by b 1 and c 1 are within the ultrasound beam; the area marked by a 1 in the left is outside of the beam. The beam width (in the x-direction) is w and the tissue depth (in the y-direction) is h. The density of the tissue is ρ 1 . Fig. 2(b) shows the result of axial compression. In addition to a shortening in the y-direction (axial displacement), the scatterers in area a 1 move in to intercept ultrasound signal; the scatterers in area c 1 move out of the beam. Thus, the overall decorrelation between pre-and post-compression signals has two components: decorrelation due to the axial compression of the scatterers, which remain within the beam during compression, and decorrelation associated with those scatterers that left and entered the beam after compression. To separate these two components, the compressed tissue is stretched back to its original size (in the y-direction) of pre-compression, as shown in Fig. 2(c) . This axial stretch removes the normal strain in the axial direction and retains the lateral displacement. As a result, the first component (i.e., decorrelation between the pre-and post-compression signals obtained from the scatterers that remain within the beam during compression) is eliminated by the process of axial stretch. The effects of decorrelation due to tissue lateral displacement can then be examined separately.
C. Correlation Signal-to-Noise Ratio
Based on the tissue compression model shown in Fig. 2 , the echo signal (of the j-th ultrasound beam) produced by the pre-compression tissue, r 1 (t), and the echo signal produced by the stretched post-compression tissue, r 2 (t), are given as:
where
are the echo signals produced by the scatterers in the region b 1 , c 1 , a 2 , and b 2 , respectively. The cross-correlation between r 1 (t) and r 2 (t) for the i-th segment of the j-th ultrasound beam is:
The first term in (8) represents the correlation between the pre-compression and stretched post-compression signals obtained from the tissue scatterers that remain within the beam during compression. Consequently, we call it the signal correlation:
Because the axial strain is removed by the process of tissue stretching, the expected peak of R s (t) takes place at t = 0. The remaining three terms in (8) represent the decorrelation noise associated with the tissue lateral displacement; they are called the noise correlation: Fig . 3 shows an example of R 12 , R s , and R n obtained by our computer simulation that will be described in Section III. The correlation noise is seen as the shift between the peaks of R 12 and R s . We define the correlation signal-to-noise ratio that characterizes the performance of strain estimation in elastography when signal decorrelation due to tissue lateral displacement is a main concern:
where σ Rn is the standard deviation of noise correlation R n (t). A statistic analysis of R s (t), R n (t), and CSNR is presented in Appendix B.
In Section III we will use computer simulation to examine the dependence of CSNR on each of several important elastographic parameters.
III. Computer Simulation
A series of 2-D axial tissue compression and stretching models are simulated. The modeled array transducer has a set of center frequency f c of 3.5 MHz, 5 MHz, and 7 MHz, and a set of quality factor Q of 1, 2, and 3.5 (Q = f 0 /∆f where f 0 and ∆f are the center frequency and the halfpower bandwidth of the transducer). The beamwidth of each ultrasound beam can have values of 1 mm, 1.5 mm or 2 mm. The scatterers are uniformly distributed with a mean density of 16 scatterers/mm 2 . The diameter of each scatterer has a Gaussian distribution with a mean of 0.05 mm and a standard deviation of 0.01 mm. All scatterers are considered as point reflectors, and multiple scattering is ignored. The tissue is modeled as a homogenous, isotropic, elastic medium, and the ROI is 60 mm × 60 mm. Echo signals before compression and after compression followed by axial stretch are simulated by convolving the ultrasound pulse modeled in Appendix A with the tissue scatterers using an algorithm described previously [17] . To separately produce s b1 (t), s c1 (t), s a2 (t), and s b2 (t) in (6) and (7), the axial and lateral displacements of each scatterer after compression are computed using a commercially available software for finite element analysis (FEA; Mentat Version 3.3, MARC Analysis Research Corporation, Santa Ana, CA) under the assumption of a plane strain state. The scatterers that remain in the ultrasound beam, and the scatterers that entered and left the ultrasound beams after compression, are identified. A stretched tissue model is then produced by scaling the positions of the compressed scatterers in the y-direction.
For each set of parameter values, 100 model instances are generated. For each instance, separate echo signals s b1 (t), s c1 (t), s a2 (t), and s b2 (t) are generated. R s (t) and R n (t) are then determined using (9) and (10) . Then, CSNR is calculated using (11) . Fig. 4 illustrates the effects of tracing segment length and beam location on CSNR. For each segment length, CSNR decreases as the ultrasound beam moves from the center of the transducer toward its edge. It also is seen that CSNR increases slightly as the tracing segment length is increased from 1 mm to 9 mm. Fig. 5 shows the CSNR as a function of ultrasound beam location, beamwidth, and lateral strain. The curves show again that CSNR decreases as the ultrasound beam moves from the center (l j = 0) of the transducer toward its edge (l j = 30 mm). The decorrelation effect can be reduced (CSNR is increased) by using a relatively wide ultrasound beam (large w) and a smaller lateral strain ε x . Fig. 6 shows that CSNR increases when the center frequency or bandwidth of the ultrasound transducer increases.
IV. Method for Reducing the Decorrelation Noise Due To Tissue Lateral Displacement
As illustrated in the previous section, decorrelation noise due to tissue lateral displacement may be reduced by decreasing lateral strain, using central beams of the transducer, and increasing the center frequency and/or bandwidth of the ultrasound transducer. However, in practice, the use of these methods is quite limited. For example, decrease in lateral strain also decreases the signal-to-noise ratio in elastography. Use of only the central beams reduces the available detective range for a fixed transducer.
Several methods have been proposed for reducing the decorrelation noise in elastography, such as target confinement [14] and lateral adjacent echo interpolation methods [15] . Application of target confinement is difficult in a clinical setting. Although the lateral adjacent echo interpolation methods can compensate for the tissue lateral displacement, the method is computationally expensive.
To reduce the decorrelation noise due to tissue lateral displacement without a significant increase in computational load, we propose a new method called 2-D spatial comprehensive cross-correlation method. This method is based on the fact that, for axial stretching model of a uniform tissue, the expected location of the peak of the signal correlation R s (t) is the same (t = 0) for adjacent ultrasound beams, and the noise correlation R n (t) is a random process. Therefore, by combining (adding together) several adjacent 1-D cross-correlation functions, the CSNR can be increased. This process is described by (12) and illustrated by Fig. 7 .
where R i (t) represents the cross-correlation function of the pre-and post-compression echoes corresponding to i-th ultrasound beam. (2n+1) is the total number of ultrasound beams used for averaging, and α i is a weighting factor. A simplest choice is to have an equal weight, i.e., α i = 1/(2n + 1). If n = 0, (12) becomes (2), which represents the simple 1-D cross-correlation. Fig. 8 illustrates the simulated results using the 2-D axial tissue compression and stretching models described in Section III. As shown in Fig. 8 , CSNR increases as n increases for any tracing segment length.
As described in Appendix C, the 2-D spatial comprehensive cross-correlation method can be regarded as an average process for time delay estimation that can effectively reduce the decorrelation noise in a strain image but also decrease the lateral resolution of the image. To demonstrate these effects of the 2-D cross-correlation method, another computer simulation is performed. In this case, a uniform elastic medium containing a circular lesion of 10 mm diameter is simulated. The Young's modulus of the lesion is two times larger than that of surrounding tis- sue. The Poisson's ratio of the lesion and the medium is 0.45. The center frequency of the linear array transducer is 3.5 MHz and its Q value is 3.5. The beamwidth is 2 mm and the separation between adjacent beams is 0.4 mm. A multiscale procedure described previously in [17] is used to reconstruct an elastographic image. In the simulation, only one step compression of 0.2% is applied. Fig. 9 shows the elastographic images by incorporating the 2-D cross-correlation method. Fig. 9(a) shows the theoretical axial strain image based on the FEA calculation. Fig. 9(b) shows the reconstructed strain image without using the 2-D spatial comprehensive cross-correlation method (n = 0). Fig. 9(c) and (d) show the strain images obtained by using the 2-D spatial comprehensive cross-correlation method with n = 1 and 2, respectively. Figs. 9(b) , (c), and (d) illustrate that the strain image contains more noise near the edge of the transducer. The noise near the edge, as well as the noise near the center of the image, are both effectively reduced by the 2-D spatial comprehensive cross-correlation method. However, it is evident that the lateral resolution of the image also is decreased by the 2-D spatial comprehensive cross-correlation process.
V. Discussion
The theory developed in Section II and the computer simulation presented in Section III are both based on a tissue axial stretching model. In other words, it does not include the effects of stretching the point spread function (PSF) of the ultrasound pulse that occurs if the echo signal produced by a compressed tissue is stretched. Such an approach enables us to completely separate the signal correlation from noise correlation, as shown in (8), and to examine the influence of each elastographic parameter on CSNR. As indicated by Figs. 4-6 , a small lateral strain or the central beams of the transducer produce a low decorrelation noise. These figures also suggest that the decorrelation noise may be reduced by increasing the center frequency or the bandwidth of the transducer, increasing the beamwidth, or increasing the tracing segment length.
However, to implement the 2-D spatial comprehensive cross-correlation method, one must stretch the echo signal. As a result, the effects of stretching PSF cannot be completely eliminated. In addition, the effects of beam focusing and beam spreading due to aberrations are not considered in our simulation. Beam focusing or spreading cause the boundary of the beam no longer in parallel to the y-axis. Consequently, the beamwidth and the decorrelation noise become depth dependent. The increase of the beamwidth due to beam spreading also increases the correlation between the neighboring beams, and therefore, reduces the effectiveness of the 2-D spatial comprehensive cross-correlation method. With all the simplifications, the CSNR derived in this paper represents the upper bound of the achievable CSNR. However, because PSF stretching and beam focusing and spreading can be considered as a deterministic process for adjacent ultrasound beams while the noise correlation R n (t) remains a random process even the effects of PSF stretching, beam focusing or spreading are included, the basic principle of the 2-D spatial comprehensive cross-correlation method is still valid. Because the computational load associated with this noise reduction method is quite low, the method can be implemented for real-time elastography.
As discussed in Appendix C and illustrated in Fig. 9 , the reduction of decorrelation noise due to tissue lateral displacement by using the 2-D spatial comprehensive crosscorrelation method is accompanied by a degradation of the lateral resolution of the strain image. As a result, the number of ultrasound beams (n) used for averaging and the weighting factors (α i ) should be carefully determined based on the practical data. The results shown in Fig. 9 seem to suggest that the two effects of the 2-D spatial comprehensive cross-correlation method on the elastographic image: decrease in noise and degradation of lateral resolution, also could be produced by a simple pixel average in the lateral direction. To objectively compare the performances of the two methods, a rigorous statistic analysis is needed, and a new set of computer simulation and/or phantom experiments may be conducted. These are the topics of our on-going investigation.
Appendix A
The 2-D point spread function in the focal zone of each ultrasound beam of a linear array transducer can be expressed by the following form [18] :
where p y (t) is a zero mean, Gaussian modulated cosine RF function in the y (axial) direction. p x (x) represents the main lobe of the sound beam in the x (lateral) direction, which can be expressed as
where w is the beamwidth. The echo signal of the j-th ultrasound beam can be computed as:
where l j is the x location of the ultrasound beam; k(x, τ ) is the scattering response of the medium, which can be expressed as:
where K(d i ) is the strength of each scatterer, k s is a constant, d i is the diameter of i-th scatterer, and q is a medium-dependent constant. For biological tissues, q is approximately equal to 1 [11] . δ(x, t) denotes a 2-D delta function. (x i , y i ) represents the 2-D location of the scatterer i, which has a uniform distribution.
Appendix B
Because ultrasound echo can be modeled as a narrow band RF signal with center frequency ω 0 , the signal correlation R s (t) and noise correlation R n (t) defined in (9) and (10) are also narrow band signals with the same center frequency ω 0 [19] . To simplify the problem, R s (t) and R n (t) near t = 0 are assumed to have the following forms:
where V (t) is the envelope function of R n (t) and θ is a random phase factor. The cross-correlation function of tissue stretching model in (8) near t = 0 becomes:
In our simulation, V (t) R s (0). Thus the time estimation error ∆t can be expressed as:
(B-4) indicates that the decorrelation noise associated with R n (t) can be quantified by R s (0) and V (t). The noise correlation R n (t) in (10) is the sum of three cross-correlation terms. Fig. B1 shows a histogram of R n (t) obtained from our computer simulation. Also, plotted in Fig. B1 is the pdf of a zero mean, normal distribution with the same standard deviation σ n as that of R n (t). Thus, we can assume R n (t) is a narrow-band Gaussian random process with a zero mean and a standard deviation σ Rn . Consequently, V (t) has a Rayleigh distribution [20] and its expectation is:
Appendix C Considering the case without tissue axial stretching, the time shift between the echo signals of pre-and postcompression is not zero due to axial strain. We may assume that the actual time shift of tissue is τ 0 , and the error of time shift estimation has a normal distribution with a zero man and a standard deviation of σ t . The signal correlation defined in (9) for the 2-D spatial comprehensive cross-correlation method can be written as.
where t i has a normal distribution with a zero mean and a standard deviation of σ t ; R isp is the correlation peak of ith sound beam pairs. To simplify the problem, we assume R isp is constant for each i and α i = 1/(2n + 1). Thus, the peak location of R s (t − τ 0 ) around τ 0 can be obtained by solving the equation:
A typical σ t when compression ratio is 1% is about 5 × 10 −1 ns [21] . Thus, the standard deviation of the phase error ω 0 t i for a 3.5 MHz transducer is about 10 −2 rad. Expand the function sin(ω 0 (t − τ 0 + t i )) around τ 0 and we get: 
Thus, the estimated time shift t c by 2-D comprehensive cross-correlation method is given by:
where t c has the standard deviation σ tc = σ t √ 2n + 1 .
This result indicates that, even without axial stretching, the variance of the time shift estimation by the 2-D comprehensive cross-correlation method is smaller than that of the simple 1-D cross-correlation method. Thus, not only can the 2-D comprehensive cross-correlation method reduce the decorrelation noise due to tissue lateral displacement, it also reduces the decorrelation noise due to tissue axial strain.
For inhomogenous tissues, the situation is more complicated because the time shifts of echo segments of adjacent ultrasound beams are not the same. However, in most elastography experiments, the applied axial strain is less than 5%. Thus, (C-3) is still approximately valid and (C-4) can still be used to estimate the average tissue displacement.
The (C-4) also indicates that the 2-D comprehensive cross-correlation method can be regarded as an average process for time delay estimation (C-4). As a result, while the decorrelation noise can be effectively reduced by this average process, the lateral resolution of the strain image is also decreased.
